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APPROXIMATIONS FOR THE THERMODYNAMIC AND TRANSPORT
PROPERTIES OF HIGH-TEMPERATURE AIR!

By C. FREDERICK HANSEN

SUMMARY

The thermodynamic and transport properties of
high-temperature air are found in closed form starting
from approxzimate partition functions for the major
components in air and neglecting all minor compo-
nents. The compressibility, enthalpy, entropy, the
specific heats, the speed of sound, the cocfficients of
viscosity and of thermal conductivity, and the Prandtl
numbers for air are tabulated from 500° to 15 ,000°
K over a range of pressure from 0.0001 to 100
atmospheres.  The energy of air and the mol fractions
of the major components of air can be found from the
tabulated values for compressibility and enthalpy.
It is predicted that the Prandtl nwmber for fully
ronized air, which is in complete equiltbrium, will
become small compared to unity, the order of 0.01,
and this implies that boundary layers in such flow
will be very transparent to heat flux.

INTRODUCTION

It is axiomatic that the science of acrodynamics
must be based on a good understanding of the
atmospheric medium through which vehicles are
to fly. Under subsonic flight conditions, air may
be treated as an ideal gas composed of rigid,
rotating diatomic molecules. The thermody-
namic properties of such a gas are well known and
they are accounted for in the gas flow equations
by the familiar ratio of specific heats, which in
this casc is a constant. Under supersonie {light
conditions, air may be raised to temperatures
where the molecules can no longer be treated as
simple, rigid rotators. At relatively low super-
sonic speeds, vibrational energy is excited and
then the specific heats become funetions of tem-
perature. However, both the thermodynamic

1 Supersedes NACA ‘Fechnieal Note 4150 by C. Frederick Hunsen, 1958,

and transport propertics of air in vibrational
excitation can be predicted with fair accuracy by
the methods of quantum statisties and kinetic
theory (ref. 1), and the air-flow relations can be
modified accordingly. Eggers (ref. 2) has calcu-
lated the effects of vibrational energy on the one-
dimensional, inviscid flow of diatomic gases, for
example.

Further changes in air properties may occur at
still higher flight velocity. Flight velocities of
practical interest have now increased from low
supersonic speeds to the escape veloeity, 37,000
feet per second, and higher.  Vehicles which travel
at these hyvpervelocities excite the air to such
high temperatures that the molecules not only
vibrate but may dissociate into atoms and even
ionize. Tnder these conditions, the behavior of
air deviates widely from that of an ideal gas and
the thermodynamic and transport properties all
become functions of pressure as well as of tempera-
ture. It is, of course, essential to evaluate these
functions in order to calculate the pattern of air
flow about high-speed vehicles, the viscous and
pressure forces which result, and the heat flux
which occurs between the air and the vehicle

The equilibrium thermodynamic properties of a
gas can be caleulated with good confidence, pro-
vided the energy levels of the gas partieles and the
degeneracy of these levels are known.  For mona-
tomte and diatomic gases this information can
generally be deduced from spectroscopie data with
such accuracy that the caleulated thermodynamie
properties can be trusted to very high tempera-
tures, cven where experimental confirmation is
lacking. In the case of air, however, one of the
important cnergy terms was not known with con-
fidence until recently, namely, the dissociation
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energy of molecular nitrogen.  This uncertainty
arose beeause the available spectroscopie data were
consistent with two different models for nitrogen
dissociation, one leading to a dissociation energy
of 7.37 electron volts per molecule and the other
to 9.76 electron volts per molecule. At first, the
lower value was widely accepted as the most
probable one (Herzberg, ref. 3).  Krieger and
White (ref. 4) and Tlirsehfelder and Curtiss (ref.
5) have published tables of thermodynamic prop-
erties of high-temperature air based on this value.
Gavdon (ref. 6) was perhaps one of the first advo-
eates of the view that the higher value was the
correet one.  Subsequently a number of experi-
ments were performed which confirmed Gaydon’s
opinion, among them the measurements of strong
shock waves in nitrogen made by Christian, Duff,
and Yarger (ref. 7) and the detonation studies
made by Kistinkowsky, Knight, and Malin (ref.
8). This rendered the work of references 4 and 5
obsolete, but shortly thereafter Gilmore (ref. 9)
computed the chemical  composition, energy,
entropy, compressibility, and pressure of air as
functions of temperature and density based on the
higher value for the dissociation of nitrogen.
Later, Hilsenrath and Beekett (ref. 10) published
a similar table of these properties, but in much
smaller inerements of temperature and density.
The ecaleulations in both of these references (9 and
10) are highly refined in the sense that they not
only account for the major components of air and
their most significant energy states, but they also
fake into account a large number of the higher
enerey states which are infrequently excited, even
at high temperatures, and most of the very minor
chemical components of aiv are included.  There-
fore these works are among the most detailed
estimates for the thermodynamic properties of air
which have been made. It is not likely that they
will become obsolete, sinee the values of all the
important energy levels used in these calculations
are now quite secure.  Logan and Treanor (vef.
11) and Hochstim (ref. 12) have also prepared
extensive tables of air properties including the
specific heats and speed of sound.  The caleula-
tions above (refs. 9 through 12) make use of
multiple iteration procedures and for a variety of
reasons it 1s desirable to have, in addition, approxi-
mate expressions in closed form which can be
solved without iteration. Such solutions would
he valuable, for example, used as a subroutine in

an clectronic computing program or for preparing
tables in small intervals suitable for the caleulation
of the flow of real air by the method of character-
istics.

In contrast to the fairly satisfactory state of
development in regard to thermodynamice proper-
ties, knowledge of the transport properties of air
at high temperatures is in an elementary state.
It is generally agreed that an accurate caleulation
of the transport properties should be based on
the rathier rigorous theory of Chapman and Enskog
for monatomic gases (ref. 13). The extension of
this theory given by Wang-Chang and Uhlenbeck
(ref. 14) would be used for molecular gases with
internal energy.  For such calculations it s
necessary to know the interaction potentials which
exist between the gas particles so that the so-called
collision integrals can be evaluated. Hirsehfelder,
Curtiss. and Bird (vef. 15) have developed methods
of using intermolecular collision theory to the
stage where the eollision integrals and the {rans-
port properties of inert molecular gases can be
calceulated with good accuracy. THowever, when
the air dissocintes and ionizes, as it does at high
temper ures, the atom-atom, atom-ion, and atom-
molecuie potentials are needed, and these are not
sufficiently well known to caleulate the collision
integra s, At the present time, caleulation of these
potentis is being attempted by quantum mechan-
ical mecthods, but it may be some time before
reliable solutions are available.  In any event,
there is an urgent need for an estimate of the
properties of air, due to the demands ereated by
the exoanding realm of very high-speed flight.
Therefore, an engineering approximation for the
transpcrt properties of high-temperature air would
be valiable in the interim while more exact
solutio 1s are being prepared.  Even after more
precise solutions are available, an approximation
giving “he transport properties in closed form may
he just as desirable as it is for the thermodynamie
proper ies of air.

In view of the needs outlined above, it is the
purpos: of this paper to develop approximate
expressions for the properties of air over the range
of tenperatures and pressures encountered by
vehicles traversing the atmosphere at speeds up to
eseape veloeity. The prineiple which shall be used
in deriving these expressions is that they shall be
made as simple in form as possible, without
apprec able sacrifice of reliahility relative to the
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accuracy inherent in the present state of theo-
retical development.  For the thermodynamic
properties this is accomplished by keeping only
those terms which are necessary to vield a final
result within a few percent of the more exact
solutions.

In making estimates of the transport properties,
one is faced with two alternatives. The transport
coefficients may be calculated by the fairly rigor-
ous but complex method of Chapman and Enskog,
as noted above, or by the simple but approximate
kinetic theory of hard elastic spheres (ref. 1). If
good estimates of the interparticle potentials were
available, the choice would immediately fall on
the former method, of course. However, at pres-
ent, the interparticle potentials are sufliciently
uncertain so that it is doubiful whether the
potentially greater accuracy of the more rigorous
method could be realized. It has therefore heen
decided to defer the labor of making the rigorous
calculations until the necessary potentials are
available, and to use the simple kinetie theory
for the present. It may be noted that this simple
approach need not be discounted unduly, for it
gives answers in the low temperature range that
are adequate for many engineering uses; the more
rigorous methods are needed for corrections which
are only the order of 10 percent or less. More-
over, beside the case of calculation, the elementary
kinetic theory possesses some advantage in pro-
viding a simplified physical insight into the
problem.

The properties of air which will be evaluated
are the compressibility (i.c., the correction to the
ideal gas equation of state), the energy, enthalpy,
entropy, specific heat at constant pressure and at
constant density, the speed of sound, the viscosity,
thermal eonductivity, and the Prandtl number.
All of these properties will be evaluated for condi-
tions of complete thermal equilibrium. Because of
the finite reaction rates, these quantities will need
to be modified for processes where changes in state
are rapid compared to the rate of approach to
chemical equilibrium.  Nonequilibrium effects will
probably be encountered in wvery high-altitude
flight because the approach to equilibrium is slow
at the low pressures experienced there.  However,
there is experimental evidence that equilibrium is
essentially realized in flow of dissociating air under
conditions encountered in flight at moderate alti-
tudes and speeds (ref. 16). In addition, Tirsch-

felder (ref. 17) has argued that heat transfer in
pure conduction processes will correspond to
equilibrium values if the reaction rate in one
direction is rapid.  Therefore, the thermodynamic
and transport properties of air which are based on
equilibrium conditions should be a convenient
reference for the nonequilibrium values, and apply
directly 10 some practical problems as well.

SYMBOLS

a speed of sound (zero frequency)

a;,b; stoichiometric coefficients for com-
ponents A, and B;

A, B, components of a chemical reaction

(' Satherland’s constant (eq. (58))

(' specific heat per mol at constant
density for component ¢

¢, specific heat per mol at constant
pressure

‘', partial specific heat per mol at con-
stant pressure, 35 2,(C;+R)

t

( speeific heat per mol at constant
density

D dissociation cnergy per molecule,
also diffusion coeflicient

1y bmary diffusion coeflicient for mole-
cules of tvpe 7 into molecules of
type j

¢ base of natural logarithns, also
electron charge

e cleetron

I energy per mol, also electric field
strength

I energy per mol of component ¢

1 energy per mol at zero absolute
temperature

7 degeneracy of the ith state

On degeneraey of the nth electronic state

h Planck’s constant

I enthalpy per mol

11, enthalpy per mol of component ¢

7 molecular moment of inertia, also
lonization energy per molecule

1, resonance potential for ionization

J rotational quantum number

k Boltzmann constant, also thermal
conduetivity

kg reference coefficient of thermal con-

ducetivity (eq. (77))
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partial cocflicient of thermal con- 0,(A). }Loml partition functions for com-
ductivity due to molecular celli-  Q,(B) . ponents A, By, . .
slons r distance between atoms

partial ceefficient of thermal con- . distance between atoms where the
duetivity due 1o chemical reaction potential is & minimum

chemical equilibrium  constant  for R universal gas constant, energy per

concentration units
chemical cquilibrium constant for 8§

pressure units S,
. . pPC‘p'

partial Lewis number, ir S,
logavithm to the base e
mass of a gas particle S,, or
weight per mol of component ¢ S(i-j)
mean weight per mol of a gas mixture T
weight per mol for undissociated air 4,

molecules

vibrational quanium number, also ™
cleetronic quantum number, also
concentration in moles per unit U
volume

}(-on('ontrmi(m of components A, z

.. B, . . . in moles per unit volume xr,
nitrogen atom, also atoms in general z(A)
Avagadro number, molecules per mol P

nitrogen plus ion, also plus ions in
general a

nitrogen molecule

nitric oxide ‘

oxygen atom i)
oxygen plus ion
exyvgen molecule Y
pressure ‘ €
reference pressure, 1 atmosphere
partial pressure of components A,
o By ‘ €
oM
Prandtl number, Tk €n
. (' ¢
partial Prandtl number, v
4 n
total partition function -
translational partition function A
rotational partition function X
vibrational partition function ’
electronic partition function pi
total partition funetion for a stand- '
ard state of unit concentration, g"
P
r7Y
total partition function for a stand- p
ard state of unit pressure, p) p

mol deg

entropy per mol

entropy per mol of component ¢ at 1
atmosphere pressure

collision cross section for undissoci-
ated air molecules

collision cross scction for particle
with particlej

absolute temperature

mean molecular veloceity for melecule
typee

mean molecular velocity for undis-
sociated air molecules

potential energy between gas par-
ticles

mol fraction

mol fraction of component ¢

. . . mol fraction of component A, . .

s A M,
compressibility, p—,[,(l, r %—B
ol A

molecular symmetry number (equal
2 for homonuclear diatomic mole-
cules), alse polarizability

Morse function constant (eq. (61))

¥
, - &
ratio of specific heats, @
v

fraction of molecules which are
dissociated or of atoms which are
ionized
energy of the ith state
energy of the nth electronic state

. . . r
dimensionless distance parameter, ——1
Ve

coefficient of viscosity

reference coeflicient of viscosity (eq. (67))
mean free path for molecule type ¢
reference mean free path (eq. (71))
vibrational frequency

density of moleenle type ¢

reference density (eq. (70))

collision diameter

SUBSCRIPTS

partial derivative at constant pressure
partial derivative at constant density
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8 partial derivative at constant entropy

1,7 indices referring to molecules type 7 and j

t, 7,2, e indices referring to the contribution of
translational, rotational, vibrational,
and electronic energy modes, respee-
tively

1 oxygen dissociation reaction

2 nitrogen dissociation reaction

3 atom ionization reactions

THERMODYNAMIC PROPERTIES

As a preliminary, a brief review of some of the
results of statistical mechanies will be given. This
will include the definitions of the partition fune-
tions and will summarize those relations between
these functions and the thermodynamic properties
of gases which will be used in the approximations
to follow.

PARTITION FUNCTIONS

All of the thermodynamic properties of a gas
may be calculated from its partition funection.
Consequently, the first step in determining the
properties of air is to ealeulate the partition

functions for the components in air. The parti-
tion function may be defined as
) .
Tr (1)

Q:Z g.¢
i

where €, is the energy of the 7th state of the gas
particle and g; is the degencracy, that is, the
number of states of the particle which have this
same energy level. The energy may be due to
the translational, rotational, or vibrational motion
of the particle, or to the motion of the electrons
within the particle. The temperatures being
considered in this paper are in all cases low enough
that the excited nuclear energy  states may be
disregarded. The usual assumption is made that
no coupling exists between the different modes of
energy. Then the partition funetion may be
expressed as the product

Q: QthQer (2&)

The factors on the right side of equation (2a)
are, respectively, the partition functions asso-
ciated with the translational, rotational, vibra-
tional, and electronic energy levels of tlw s
partlcle Each factor is determined independently
by an equation of the same form as equation (1),

By the methods of statistical mechanics it is found
that for diatomic molecules these factors are:

9, TIN3/2 P
Qt=<27rm‘]€1 ]}).’Z (Qb)
hT (T4

@ et SwlkT
Q=23 (2J+he T &TTel (20)
""_” LA
Q=3¢ T={1-c 7 (2d)
Qezi gne_k_’f (29)

The notations used above are common ones and
the derivation of the equations may be found in
any standard text on statistical mechanics, such
as reference 18 or 19. For monatomic particles,
which have no modes of rotational or Vllnatlonal
energy, the rotational and vibrational partition
functions take the value unity. The translational
and electronic partition functions for such particles
take the same form as equations (2b) and (2e),
respectively.

Consistent with the stated purpose of this paper,
only those exponential terms are included in the
eleetronic partition function (eq. (2e)) for which
the energy levels, e, are less than six times 7
at the maximum temperature considered (15,000°
K).  Actually, the levels are so widely split in
this range that the closest to this cutoff is the
sixth state of the atomic nitrogen ion, just a little
more than four times &7 at 15,000° K.

Table I presents the atomic and molecular
constants which were used in caleulating the
partition funections. The molecular constants for
rotation, vibration, dissociation energy, and elec-
tronic energy levels were taken from Herzberg
(ref. 3).  The 9.76 electron-volt value for nitrogen
dissociation is used, and it is assumed that the
rotational and vibrational constants for all excited
electronic states are the same as for the ground
state. The atomic energy levels are taken from
Moore (ref. 20). The constants have been
rounded off to the nearest 0.5 percent, and the
sccond and third clectronic energy levels of
atomic nitrogen have been combined since they
lie within 0.5 percent of each other. The same
treatment applies to the second and third elee-
tronic levels of the atomic oxygen positive ion.
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The functions which are to be used directly in
the ealeulations to follow are the logarithms of
the partition functions. From the partition func-
tions constants (table I) and equations (2a)

3340

In ¢(N,) =g In 7—0.42—In (1-—3_7")—1n P
(3a)

1 8 1 g
through (2e), these functions become n QO)= =z T-+0.11—In (1_6 ’ )
w150
— . o +In (3+26 T Leg T )—111 p (3b)
5 om0 a0
In Q(O) =:—) In 74-0.50+1In (:’)+3e Tle Thse T e ) Inp (3¢)
. _mg i
In Q(N) =5In T-+0.30+1n <4+10(z T 46e 7T )—lnp (3d)
. 38600 58200
In Q(\'O“L):}) In 74 0.50+1n <4+ 10 7 46e 7T )——lnp (3e)
5 Cme 1M _mew g0 60D
In Q(N'*)-——:—) In 740.30+1n (1 +3¢ T45e T e T 4e T +de )—ln p (3)
=4
In Q{e™) =% In 7—14.24—1Inp (3g)

whoere 7 is the temperature in degrees Kelvin
and p is given in atmospheres.

1t will be surmised that those components of
air which are not represented by partition fune-
tions above are to be neglected in the approxima-
tions which follow. The absence of a partition
function for nitric oxide may be found surprising,
but it will be seen later that, to the order of ac-
curacy being cousidered here, the formation of
nitrie oxide may be negleeted in computing ther-
modynamic propertics over a W ide range of
pressure and  temperature couditions, including
those econditions which will generally be en-
countered in high-speed flight through the atmos-
phere.  This oceurs beeause NO has about the
same thermodynamic propertics as an average
for nitrogen and oxygen molecules, and the NO
formation does not greatly influence the equi-
librium mel fractions of molecules and of atoms.
The possible influence of nitrie oxide on the
transport properties of air will be considered later.

ENERGY, ENTHALPY. AND SPECIFIC HEATS FOR THE
COMPONENTS OF AIR

According to statistical me ehanles, the energy
and enthalpy per mol of pure gas are given by the
following 101u110n>.

oln @ ,,rlln
11' ( > ) I r" (4)

H— 1,(, O In Q dIn @, -
“RT \ oT ) =T=y (%)

dT

The ¢ uantitics Q. and @, are the partition func-
tions ‘or the standard states of unit concentration
and of unit pressure, respectively. These are
related to the total partition function by

Q—1b7@ (62)
Qp:pQ (6b)

and they are functions only of temperature so that
it is their total derivatives which are related to
the ¢ wrgy and enthalpy as given in equations (4)
and (5). The quantity I5 is a constant represent-
ing the energy of the gas at zero absolute temper-
aturc. The choice of this level is arbitrary, but
by ecnvention g is taken as zero for the molecules
of ni rogen and oxygen. Then I fer the neutral
atoms is just one half the energy of dissociation
per nol of diatomic molecules, and [ for the
ioniz »d atoms is the sum of this dissociation encrgy
and he energy of ionization.  With all the 1niza-
tion energy thtubutcd to the ionized atoms, [t
for t1e electrons must be taken as zero, of course.

By definition the specific heats per mol of pure
gas {re
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From equations (2a), (2b), (2¢), (4), and (5) it
is scen that the energy and enthalpy per mol of
gas due to translation and electronie excitation
are given by

TR
E-EN 3, 2R
RT ),+ =5+ "o ©)
‘ 2o0ne KT
H—E B
T °) ( ,) +1 (10)

and the specific heats given by equations (7) and
(8) can be expressed

€n €n 2
T €x o KT
s D)o T[S

(7).

Sogae *T
(11)

D

Equations (9), (10), (11), and (12) give that
part of the energy, enthalpy, and the specific
heats which is due to the translational and elec-
tronic energy for either atoms or molecules. The
contributions of rotational and vibrational energy
must also be included for the molecular case, of
course. According to equations (2¢) and (2d) the
expression

2 006 W

E e N
(7{7V>r+u 1+kT (6"7—‘1> (1'5)

should be added to equations (9) and (10) in order
to obtain the total energy and enthalpy for dia-
tomic molecules, while

C v \? (. hy \7*
(ﬁ r+u-—1—|—(m) <bmh W) (14)

should be added to equations (11) and (12) to
get the total specific heats for these particles.

The entropy of a pure gas is related to its
partition function by

aan .
=l Q+7{ 57 (15)

and from equations (5) and (6b), the entropy of
the gas at unit pressure may be expressed

S I—E,
1) =In Qp+ I)T (16)

The caleulated values of the partition funections
for a standard state of 1 atmosphere pressure, the
enthalpy, and the specific heat at constant pres-
sure are given in table 1T in 500° K increments of
temperature for the major components of air.
The concentration standardized partition fune-
tions, the energy, entropy, and the specific heat
at constant density are not listed since they may
be easily found from the propertics tabulated and
equations (6), (10), (12), and (16).

EQUILIBRIUM CONSTANTS

In order to determine the equilibrium mol
fractions for the components of air, it will be
necessary to ealculate the equilibrium constants
for the chemical reactions which occur. These
chemical reactions may be expressed in the
generalized form

> aAe22 30,8, (17)

where the A, are the reactants, the By the prod-
uets, and a, and b, are their respective stoichio-
metric  coeflicients.  The pressure equilibrium
constant for this reaction is defined in terms of the
partial pressures

> ZHPII‘(BI‘)

18
’ Hp"f(Ai) (8)

and it is related to the pariition functions by (see
ref. 18)

Al

In Ix’pz—ﬁf,—{—z b,In Q,(B)—>"a;In @,(4,)

(19)

where
AIL‘QEZ bIIL'()(]))I) —2 (lriEo(Iit)

is the zero point energy of the products less the
zero point energy of the reactants, both referred
to their standard states. The reactions considered
here are the dissociation of molecular oxygen
and of molecular nitrogen and the ionization of
atomic oxvgen and of atomic nitrogen.  According
to equation (19) and the constants given in table I,
the equilibrium constants for these reactions are
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In K,(0,~>20) =— 2 ;"04-01 1 Q,(0)—In Q,(0,) (204)
. H 3 .,00 -
In K,(N,—2N)= ’ “421In Q,(N)—~In Q,(N,) (20b)
158,000 ‘
In (00" 4¢ )-—-—-—'1, —+In @,(0t)1+In Q,(e~)—1In Q,(0) (20¢)
In K,(No>N+ 4 gy —— 08, 8004-1 n Q,(N*)+In @,(e=)—In Q,(N) (20d)

The concentration equilibrium constant is de-

fined by
_Hn‘h‘ (B 5
K= d) #
where n(A) and a3 are, respectively, the

concentrations of the chemical reactants and
products. This quantity will also be needed for
subsequent caleulations, and it is obtained by
replacing the pressure  standardized  partition
functions, Q,, with the corresponding concentra-
tion standardized partition functions, Q. in
equation (19). From equation (6) it
that

s seen
K=K, (RT)z— (22)
The logarithmic derivatives of the equilibrium

constants  will also be required later. From
equations (5), (10), and (19) these become

.d In I\r Al Iy
T =t b 1">

—>a, (] 17 E‘-’) (23)
Ai

In A, _pdIn K dIn K,

ot
1 dT dT

20 bi—20 a4 (24)
The equilibrium constants and their logarithmic
derivatives for the reactions represented by equa-
tions (20a) through (20d) are listed as functions
of temperature in table III. A population
weighted average quantity is given for the oxvegen
and nitrogen ionization reaction. These quantities
will now be used in caleulating the component mol
fractions and their derivatives.
CALCULATION OF THE EQUILIBRIUM MOL FRACTIONS AND
THEIR DERIVATIVES
The possibility that approximate solutions in
closed form could be obtained tor the properties

of air suggests itself upon examination of the
results of Gilmore (ref. 9). His tables of the
composition of air show that there are four
chemical reactions of major importance. These
are the dissociation of molecular oxygen and
molecular nitrogen, and the ionization of atomic
oxygen and of atomic nitrogen.

0, — 20 (25a)
N, —= 2N 25b)
0O — Ot +e- (25¢)
N — Nt+e- (25d)

With c¢ne exception, all other reactions which
ceeur yield component concentrations which are
the order of 0.1 pereent, or less.  The exception
is the formation of nitric oxide, NO, which at sea
level density may become as much as 10 percent
of the +ir around 5000° K. However, even this
much nitrie oxide does not strongly influence the
resultin r thermodynamic properties of air, and at
densities less than 0.01 normal sea level density,
where tae NO is less than 1 pereent at its maxi-
mum, tae effects are very small.

Two distinetive features of the chemical reac-
tions given above are observable from Gilmore’s
results.  The first is that at all pressures the dis-
sociation of oxygen is essentially complete hefore
the dissocintion of nitrogen begins. This means
that these two reactions can be treated independ-
ently for the purposes cf approximation. The
second ~ecature is that nitrogen and oxygen atoms
onize at about the same temperature and with
about tae same energy changes.  Consequently,
1t is possible to assume that once air is completely
dissociaced, all atoms constitute a single species
which has the population weighted average prop-
erties of the nitregen and oxygen atoms.
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The equation of state will be defined

p_ZRT (26)
Y 1‘[0 -
where Z is the compressibility. To the approxi-
mation that all of the particles obey the ideal gas
law, Z represents the total number of mols formed
from & mol of initially undissociated air. It is
also equal to the ratio of the initial molecular
weight of undissociated air to the mean molecular
weight, MyM. 1 ¢ is the fraction of molecules
which dissociate into oxygen atoms, ¢ the fraction
of molecules which dissociate into nitrogen atoms,
and e the fraction of atoms which are ilonized,
then the compressibility is given by

Z 1+€1+€)+~€3 (27)

The reactions are now assumed to be independ-
ent and, in view of the order of approximation
being censidered, the ratio of nitrogen to oxygen
has simply been taken as 4 to 1. Then at rela-
tively low temperatures only three major com-
ponents exist simultancously: molecular nitrogen,
molecular oxygen, and atomic oxygen. The par-
tial pressures for these three components may be
expressed

p(Nz):'J'(Nz)PZILS P (28n)
+€
0.2—
p(Oy)=x (Oa)p——i;ﬁ P (28h)
p(O)=x (0>p— + (28¢)

The equilibrium constant for the oxygen dis-
sociation reaction (eq. (20a)) is

P2O) _
p(0y)

4¢,%p

K= (1+e)(0.2—e)

(29)

Then the fraction ¢ is found by solving the quad-
ratic equation (29)

—0. 8+\/() 64-+0. 8(14—}1])1)
(1+ 4 ’

The condition of no dissociation which occurs at
low temperatures is, of course, just the limit where
€ 18 zero.

(30)

€=
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At intermediate temperatures ¢ approaches the
limit 0.2, the oxygen is completely dissociated,
and the nitrogen diocssiation commences. For
this case, molecular nitrogen, atomic nitrogen, and
atomic oxygen coexist and the partial pressures of
the components are

PN =2(N)p=75 +€‘" (312)
p(N):x(N)p——;ji (31b)
PO)=r(Opp— 51— (s1¢)

The equilibrium constant for the nitrogen disso-
ciation reaction (eq. (20b)) is

_PN)__ de,)’p )
Kp2_1)(N2)—(1.2+52) (0_8_62) (3-)
whenee ¢ 1s given by
4p
—0.4+44/0. 16+;84(1+K )
e 22 (33)

(77)

At high temperatures, e approaches the limit
0.8, the dissociation of nitrogen is also complete,
and the ionization of the atoms begins. For this
case we assume that the atoms are a single homo-
geneous species symbolized by N, and then the
partial pressures become

(\I)—x(\I)p—I' ;“ (34a)
pNH)=r(N*)p=1 + (34b)
p(e‘):r(e‘)p=1jf€3p (34c)

The ionization reaction equilibrium constant is

p(NH)ple”) _ &'p .
En=""pN) ~ Ti—ep (35)

and then ¢ becomes
1 - 36
63_‘( +Kp3 ( )

The equilibrium constant K, is taken to be a
population-weighted average of the constants for
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the oxygen and nitrogen ionization reactions (eys.
(20¢) and (20d)). That is,

K,3=0.2 K,(0—0%"+¢7)+0.8 K,(N->N*+¢")
(37)

The component mol fractions i air are then given
by

r(0y) =%6—1 (38)
r(Ny =" (39)
2(0 )=3*‘_7j);”1—‘i* (40)
#(N)="¢ -’_11 be (41)
FNF 05 ) =) =5 (42)

The derivatives of the products Zz; will be
needed in addition to the mol fractions and from
equations (38) through (42) it is seen that these
are proportional to the devivatives 0¢/07, de/07,
and 0e;/07. TFrom equations (28) and (29) the
partial dertvative of ¢ at constant pressure is

(ael . (1 ln [\-7)1/([1 (4:;“;)

» 2fe—1/(1+e)+1/(0.2—¢)

Similarly, the partial derivatives of e and e at
constant pressure are

e, dIn K,,/dT ‘
(JT e 112 e + 108 *3)
des\ dIn K, T |
(’—’T e U Fey Fif—ey 439

In order to find the same partial derivatives at
constant. density, 1t 18 convenient to use the
equilibrium constant in concentration units, For
example,

461"!1 4612 P
{(1--e) (0.2—¢) {02 &) My

Ka= (44)
whenee the partial derivative of ¢ at constant
density is

O\ _ dIn K, dT .
)= (450)

2/e,+1/(0.2—¢)

in a sindlar way, the partial derivatives of e and
e ot constant density are

%) dIn Kp/dT .
\([17’ 0/6) 1/(0 8‘—62) (4-)1))
Ve dIn KofdT (450)

dT /), 2fes+1/(1—e3)

The Hreceding relations are given in terms of
tempers ture and  pressure as the independent
ariables. This is & eonvenient form in which to
use the solutions 1 the analysis of nearly constant
pressure processes such as oceur in boundary-layer
flow or at the stagnation region of high-speed
vehicles.  However, the precise caleulations of air
properties have been carried out as constant
density funetions of temperature (refs. 9 and 10)
and, in order to make a comparison with these
caleulations, it 1s desirable to have the approxi-
mate solutions given i the same variables. This
is very simply done by expressing the dissociated
and ionized fractions in terms of density and the
equilibrium  constants in  concentration units.
Then (sce eq. (44))

= (KaMyfp) -+ (

-c1~‘[n/Pr ‘; 3. )(IXMA‘[O/P

2

€§g=

(46a)

In a sinilar way

— (KeMofp) 43/ (K2 Mofp) + 12.8(K 2 Mo/p)
8

€=

(46b)

- (ersz‘[o/P) + \‘((I\’r.%‘”n/l?)z
4

4”8(1(:317\[0/9)

€3—
(46¢)

All the other caleulations follow as before, only
the quantities ¢, e, and ¢ from equations (46a),
(46b), wnd (46e) replace those from equations
(30), (33%), and (36).

With the preceding relations in hand, we are in
position to caleulate the energy, entropy, specific
heat, a1 d speed of sound for air.

ENERGY, SPECIFIC HEAT, ENTROPY, AND SPEED OF SOUND
FOR AIR IN EQUILIBRIUM

The energy per mol of air is simply the sum

E=320F, (47)
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where F; is the energy per mol for component <.
Generally in acrodynamic problems the energy
per fixed mass of gas is needed rather than the
energy per mol. The mass of gas in a mol of
undissociated air (20 gm) will be used as the
constant reference quantity for this purpose.
Then, in dimensionless form, the energy per mol
of initially undissociated air is

Z['

VIY ZZ I'l I 11 (48)
while the dimensionless enthalpy per initial mol
of air becomes

Zl ZI
I 11 1)/ 7+/

(49)

The compressibility, Z, and the dimensionless
enthalpy, ZH/RT, which have been ealeulated
from the preceding equations, are listed in tables
IV(a) and IV(b). The energy is easily obtained
from these values via equation (49).  Compressi-
bility and energy are graphed as functions of
temperature in figures 1 and 2. The entropy per

1.-—Compressibility of air as a function of temperature.

mitial mol of air is simply obtained from the
entropies of the components of air through the
relation

z(z ;ri%-— Srn 20— In —) (50)

where gy is the reference pressure for the standard
state, In this ease 1 atmosphere. The entropy
values are listed in table IV(e) and are shown
graphically in figure 3.

At this point it is desirable to compare the
foregoing approximate solutions with the pre-
cise calculations made by Hilsenrath and Beckett
(ref. 10). Figure 4(a) shows the percentage
deviation in the approximate solutions for com-
pressibility at densities of 102 10° 1072, 107, and
107% Amagat (unit density at STP). Figures
4(b) and 4(c¢) show, respectively, the deviations
i the approximate solutions for enthalpy and
entropy for the same densities. Tt is found that
the errors are generally less than 2 percent at
densities between 1 and 107% Amagat. Tt is to
be expected that the solutions lose accuracy ut
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very high densities since some of the neglected
minor reactions begin to take on increasing im-
portance, especially the formation of NO at inter-
mediate temperatures. Moreover, the major re-
actions begin to occur simultaneously so that it
is no longer so good an assumption that they are
independent of one another. Even so the errors
are only about 6 percent or less up to 100 Amagats
density, and this may still be acceptable accuracy
for many purposes. In general, the accuracy
of the approximations increases as density de-
creases, and the solutions may be extended to
densities even lower than 10~% Amagat, if desired,

It is necessary to take the derivatives of the
products ZE and ZH for specific heats if the latter
are to have their usual meanings, that is, the
change in energy which occurs in a fixed mass of
gas per degree temperature change. Thus the
constant density specific heat per initial mol of
air is given by

2O, L (OZEN o Ol B\ (070,
AR A )ﬂ_z 25 73+f7,~(1.>T>( oT )
(51)

where (;is the derivative of energy for component
i, that is, dE/dT. The correspouding specific
heat for constant pressure is given by

Z0, 1 U _ o (0
RR fafT‘)p—‘? 1{+1)

rs (L) az.ri)
+]ZZ (T?MT—*—] (—577,‘ . (v)_))

The specific heat at constant pressure is listed
in table IV(d) and the ratio of specific heats, +,
is given in table IV(e). It may be noted that
when chemieal reactions occur, the difference
between the specific heats per mol is not equal
to the gas constant, as in an ideal gas, but is
given by

o0 [0 (02 I (92 ]
_‘If“ﬁ)—’+22i[/.",’ o ) et o),
(53)

The approximations are not expected to be as
accurate for the specific heats as for the other
thermodynamic properties since one higher order
derivative of the partition functions is involved.
However, the results are generally within 10
percent of the values ecalculated by Logan and
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Treanor (ref. 11). Fortunately, one does not
usually need to use the specific heats directly in
aerodynamic calculations, anyway, but rather
the ratio of specific heats, yv. The deviations in
v from the values given in reference 11 are shown
in figure 4(d), and it is seen that the present
approximations preserve the accuracy of this
quantity within a few percent.

The chemical reactions have a marked effect
on the specific heat functions. For example,
figure 5 shows the specific heat at constant density,
C,, as a function of temperature for pressures of
0.0001, 0.01, and 1 atmosphere. At low tem-
perature (), increases from 5/7/2 to 7R/2 as the
vibrational modes of energy become excited.
Then, with increasing temperature, the specific
heat goes through three distinct maxima where
the chemical components change most rapidly
with temperature; the first maximum is due to
the oxygen dissociation reaction, the second to the
nitrogen dissociation, and the third to the ioniza-
tion reactions. When pressure decreases, these
maxima increase in sharpness and in magnitude
as they shift to lower temperatures.

The foregoing specific heat values enable one to

DT72920--60 3

calculate the speed of sound in air.  This speed of

sound will be defined by

uf:( gf.).\. '54)

that 15, the luniting value as the frequency of
sound approaches zero. The partial derivative
given 1 equation (54) will not be calculated di-
rectly, since it is not convenient to treat the
entropy as an independent variable which can be
held constant (see eq. (50)). However, equation
(54) may be transformed with perfect generality

into the form
, ()1))
[/ e (;
’Y(Dp,, T

where ¥ 1s the ratio of the specific heats, (7.
Equation (55) is, in turn, equivalent to

Zn
T

. (op/ol),
T (00/0TY,

(56)

whieh, from the equation of state (eq. (26)}. may
be expressed in terms of wvariables which have
already been caleulated

a'p  1-—(T/Z)(0Z/dT), (5
17y (02107, o
The dimensionless speed of sound parameter,
a’p/p, 1s listed in table TV(f) and 1s plotted as a
function of temperature in figure 6. The second
term on the right side of equation (57) is generally
near unity, so that figure 6 is also indicative of
the variation in v with temperature.

AERODYNAMIC CONSIDERATIONS

The thermodynamic properties obtained at this
point are those required to perform calculations
of inviscid air-low problems. These properties
are given for a range of temperature from 300°
to 15,000° K and of pressure from 0.0001 to 100
atmospheres. It is of interest now to examine
the altitude and velocity at which these condi-
tions will occur in flight. A grid of the pressure
and temperature at the stagnation point of a body
in flight 1s shown in figure 7 as a function of flight
altitude and veloeity. The stagnation enthalpy
per unit mass was simply taken as one half the
velocity squared, and the stagnation pressure was
related to the static pressure (and thus to altitude)
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with the results of Feldman (ref. 21), who com-
puted the pressure ratio developed across normal
shock waves in air at various altitudes. Generally
lower temperatures and pressures will be attained
at regions other than the stagnation region, so
the range of variables will be adequate for such

400 %103
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Ficure 7.—Stagnation temperature and pressure in air
as a function of altitude and velocity.

cases also. It can be seen that the thermody-
namic properties of air can be approximated in
closed form over the range of conditions of current
interest in aerodynamics. Some of the results of
these ¢ pproximations will next be used in estimat-
ing th» transport properties of high-temperature
air.
TRANSPORT PROPERTIES

COLLISION CROSS SECTIONS

Consider first some qualitative aspects of the
collisicns  between gas particles. The particle
trajectories are influenced by a potential U which
is negl gible at long range, which may be atiractive
or repulsive at intermediate range, but which
always becomes strongly repulsive at very short
range. A particle with kinetic energy &7 will not
be greatly deflected if it passes only through that
part o' the potential field where |U[<<kT. On
the o her hand, the particle will be deflected
appreciably if it passes where |U[>>kT. The
direction of the deflection is unimportant so far
as transport properties are concerned, for it is the
absolt:te value of the deflection angle which deter-
mines the change in mass, momentum, and energy
fluxes caused by the collision. To a first approx-
imation, the absolute value of this deflection is
independent of the sign of the potential and the
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effective collision diameter ¢ is the order of the
largest distance where U=4k7T. The eflective
collision cross section S will be defined as o2,

In the rigorous treatment of the transport
properties of gases, the effective collision cross
section §'is found to be an integral of the deflection
angles produced by collisions and this integral is a
function of the relative velocity of the colliding
particles. The so-called “collision integral” is a
function of temperature only which is S times a
veleeity funection integrated over all velocities.
Thus the collision integral may be thought of as
a weighted average collision cross section, and the
teansport coeflicients can be related directly 1o
these integrals. However, not all the interparticle
potentials have been developed which are needed
to calculate the collision integrals for air. In the
present paper then, plausible cstimates of the
effective collision cross sections will be used to
determine the mean free paths for hard elastic
spheres, and for such particles the transport
coefficients can be related to these mean free paths
(ref. 1). The effects of the interaction potentials
will be taken into account by letting the spherical
cross sections be appropriate functions of tem-
perature.

The cffective cross sections for collisions between
diatomic molecules can be obtained quite accu-
rately by the collision integral method. However,
at high temperatures, the very steep rcpulsive
portion of the intermolecular potential is pene-
trated so that the molecules behave essentially like
hard spheres. Consistent with the approximations
which follow, it will be sufficient to use the Suther-
land formula for the molecular cross section S,.

So C

S—m-l—}-T (58)
where the constant (' is 112° K and S,,, the cross
section at infinite temperature, is 3.14 X 10 '*cm?,
for the case of air molecules.

For atomic collisions, the picture is complicated
by the fact that two atoms may approach each
other along any one of a number of potentials.
For example, the potentials between two normal
nitrogen atoms are shown qualitatively in sketch
(a) (see ref. 3). The lowest lying of these poten-
tials, designated U, has the lowest total electron
spin and it is the one normally responsible for the
vibrational energy levels observed in the stable
molecular state. Therefore U, can be expressed

quantitatively from experimental spectroscopic
data. Unfortunately, the higher lying potentials
for the atoms in air are not known quantitatively
at present, so we are forced to estimate an average
collision cross scction for all of the potentials by
means of the known lowest lying potential. For
this purpose it is assumed that the collision diam-
eters o are given by

Uplo)y=—kT (59)

and these diameters will be used to evaluate
the coefficients of momentum and energy trans-
fer. A somewhat deeper penetration of the poten-
tial is normally required for a collision to affect
the particle flux, so that the diameters ¢’ which
will be used to evaluate the diffusion coefficients
are assumed to be given by

U(e"y=—2kT (60)

It may be pointed out that Hirschfelder and
Eliason (ref. 22) have examined the relation
between values of the transport coefficients given
by the hard sphere model and by the more rigor-
ous collision integral method. They find that
U(e) and U(s’) are about —0.6k7 for a wide
variety of attractive potentials, that U(s) is
about 0.9£ T and U(s’) is about 1.6% 7 for a similar
variety of repulsive potentials. If all the inter-
particle potentials were known, it would be simple
to use these criteria to obtain a weighted average

ulr)

o4 — — —

I
|
i
‘s r

SKETCH (a).
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collision diameter.  All the potentials are known
for two normal hydrogen atoms (ref. 23) and it s
found for this case that (quulion% (59) and (60)
vield values for ¢ and ¢’ which agree with the
weighted average collision diameters within 8 per-
cent over the range of temperatures from 1000° to
15.000° K. Of course, there is no assurance that
these same relations will hold as closely for col-
lisions between the atoms i air.  In fact the
average collision diameters for normal oxygen and
nitrogen atoms will probably be overestimated
by cquations (59) and (60), since the shallow
intermediate potentials (such as Uy and U7y, sketch
(a)) must be considered for these atoms, whereas
they do not oceur for hydrogen. The effect of
these intermediate potentials will be partly com-
pvnmtv(l for by the fact that some of the atoms
will be in exeited clectronie states which have
collision diameters the order of three times larger
than the normal atoms (ref. 22). The fraction of
atoms in excited states is small over most of the
teniperature and pressure range considered so that
collisions between excited particles are relatively
rare.  The encounters between an exeited and a
normal atom are the ones which significantly
influence the mean free paths, and the cross sec-
such collisions are about four times
normal. The fraction of each constituent in air
which 15 excited is listed as a function of temper-
ature in the following table:

tions for

Fraction  Fraction Fraction
of orygen of nitrogen of fonized

atoms aloms atoms

T, ° N excited excited excited
1000 0 . _ L 0. 002 0.002 ________.
6,000 o . 013 . 025 0. 012
8,000 - S . 032 . 081 . 032
10,000_ . . . 055 . 1563 . 060
12,000 o . 079 . 228 . 089
14,000 Lol el 120

The first two excited states of atomic oxygen and of
the atomie nitrogen plus ion are very close to the
ground state (see table ) and so they have not
been counted as excited states. It can be seen
that the fraction of excited particles in air will
generally be less than 10 percent and in the very
worst case considered about 20 percent of the
atoms will be execited. This oceurs at 100 atmos-
pheres pressure where the ionization reaction is
repressed until temperatures beyond 12,000° K
are reached and 23 percent of the nitrogen and 8
pereent of the oxygen atoms are excited. For a
pure gas in which excited particles have three

NATIONAL AERONAUTICS
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times normal collision diameters, the average
mean free path is decreased 28 percent when 10
pereent of the particles are excited, and is de-
creased 45 pereent when 20 percent of the particles
are  exeited. Thus the error introduced by
neglecting the long-range forees of the excited
atoms ‘s probably the same order of magnitude
and opposite in effect to the uncertainties caused
by neglocting the shortened range of the shallow,
intermediate collision potentials.

The jowest lying atom-atom potentials may be
approximated by the Morse function

Ue=D[(1—e 5)*—1] (61)

where 7 is the dissociation energy and { is the
dimens onless distance parameter (rfr,.—1); r, is
the interatomic distance at which Uy 1s a mini-
mum (sketch (a)); 8 is a constant related to the
vibrational frequency » of the stable molecule
and is given by v(2#2//D)!2. Although the Morse
function is not very accurate at long ranges, it
will be needed only at rather high temperatures
where the potential is fairly well desecribed for
|Up|> k7. The Morse function constants were
taken irom Herzberg (ref. 3) and these are listed
in the 1ollowing table:

Atcmic ‘ ° KK B ‘ Tey
pdl‘tl(](‘\ ‘ ‘ angstroms
00 ah000 1 3. ‘ 1. 207

N-N 113,200 1 2960 1 L0 i
N-O 75, 400 318 | 1151
0 -0t 75, 200 318 | 1123
SNF OO 101, 200 204 L1116 ‘
I ‘ ‘ - o

Frori equations (59) and (61), the momentum
and en rgy transfer collision diameter o is given by

: T
p=1—p"In (1—\/1—77)

and bv equations (60) and (61) the diffusion
collision diameter ¢’ is given by

f—l—ﬁ“llll <1——\/1-—1k—1— (62h)

The atom-molecule collision diameters will be
taken as the arithmetic average of the atom-atom
and of the molecule-molecule collision diameters.

(622)
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This assumption corresponds to the concept that
the collision diameter is a measure of the effective
range of the clectron distribution about the
molecule or atom, and that a collision oceurs
whenever these electron distributions overlap.
With the onset of ionization, several additional
types of collisions must be considered. These
are the ion-atom, electron-atom, and the ion-ion,
ion-clectron, or electron-electron collisions.  The
ion-atom collisions may be treated in the same
manner as the atom-atom collisions, since the
spectroscopic  data  for ionized molecules are
available to be used in setting up the Morse
potential function between the ion and the neutral
atom. The Morse function constants for these
cases, which occur in air, are also listed in the pre-
ceding table. The ion-ion, ion-clectron, and
electron-clectron collision diameters all depend
on long range electrostatic forces of identical
magnitude, and the collision cross section for such

particles is
2

Sle—e) :w(ﬁ/)hln A (63)

The first factor m(e2/kT)? is the cross seetion for an
encounter between two isolated charged particles.
This cross section is based on the same criterion for
the diameter as used above, namely |U(o)|=£T,
where the funetion U is just the coulomb potential
between two charges. The second factor, In A, is
a correction designed to account for the charge
shielding effect on the many long-range collisions
which oceur in a plasma of finite density.  Accord-
ing to reference 24, this correction is given by

' 3 T3 1/2
In A= In'—$< BT )

2¢*\n, Ny

(63a)

where e is the mol concentration of all charged
particles, both positive and negative.  Actually
at the densities considered here, the effects of this
correction are not very large until the gas is almost
completely ionized.

For electron-atom collisions, the atom will be
polarized by the approach of the eleciron and
there will result a charge-dipole type interaction.
In order to calculate the magnitude eof this
interaction, the polarizability of the atom, e,
will be needed. The polarizability is defined as
the dipole moment produced in the atom by an
electric field, F, of unit strength. The inter-
action energy of the induced dipole moment with

the field is af£?/2, and when the field due to the
bl
presence of the electron is substituted for £, this
energy becomes
2
I
2rt

U=—

(64)

[t will be noted that the polarizability need not
be known with great precision, since the cellision
diameter depends only on the fourth root of this
quantity,  KExperimental values of polarizability
are only given for the molecular state ot oxygen
and nitrogen.  However, Joos (ref. 25) gives an
approximate method of calculating the polariza-
bility of atoms in alternating fields which in the
limit for steady state fields becomes

1/ he \? .
a:;ﬁ m‘(;) (6())
where m i this case is the mass of an electron and
Iy 1s the resonance potential for ionization of the
atom. This resonance potential is 9.11 e.v. for
oxygen atoms and 10.28 c.v. for nitrogen atoms
(ref. 26). Using these values, one finds the
polarizability is 13.2107%em® and 10.3X 1072
em? for oxygen and nitrogen atoms, respectively.
The collision diameters will enter the calcula-
tions to follow in the form of a ratio with the
collision diameter for two diatomic molecules at
the same temperature, S;. These ratios were
caleulated by the methods outlined above for
those collisions which occur between the major
compouents in high-temperature air.  The results
are given in table V as functions of temperature.
Wherever two or more types of collision give the
same result within 5 percent, there is not much
point to considering them separately, in view of
the approximations involved. Therefore, for such
:ases, the values have been weighted and averaged,
and only those final averages are given in table V.
The atom-molecule  eross sections  S(0,—0),
S(N,—N), and S(N;—0) are very close and these
are all designated by the single symbol S(N,—N).
Similarly  the atom-atom and atom-ion cross
sections §(0—0), S(N—N), S(N—0), S(N—X\T),
and S(O—07%) are all grouped under the notation
S(N—N). The atom-clectron cross sections
S(N—¢) and S(O—e¢) are given the single average
alue listed under S(N—e¢).  In the same way, all
the atom-molecule and atom-atom diffusion cross
sections are given by S7(N;—N) and 8’ (N-N),
respectively,  The electron-atom cross sections
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for diffusion are not differentiated from the cross
sections for momentum and energy transport.

VISCOSITY

The viscosity of air will be calculated from the
simple summation formula for a mixture of hard
spherical molecules

-
ﬂ=% Z Pithidg (66)
DRI

In view of the order of approximations involved,
a more sophisticated formulation than this does
not seem warranted. The constant 5x/32 is
chosen to agree with the value which accounts for
the persistence in velocity of the higher speed
molecules (ref. 1). It will be convenient to use,
as a reference value, the viscosity which air would
have at the same temperature if the molecules
did not dissociate or ionize

o

== poloh (67
=35 Potlodo (67)
In cgs units, this reference viscosity becomes

NT gm

— ~5
M= 1462207 1 11977 e —sec

(68)

where 7" 1s the absolute temperature in degrees

Kelvin. The ratio of mean velocities is
g M,
— =[x 69
™ M, (69)

and the ratio of densities, where the total number
of moles per unit volume is the same, is

Pt M(
—=rT 70
po M, ! ( )
Under these same conditions, that is, the same
mol concentration, the ratio of mean free paths
is (ref. 1)

M, 172

1421
&=ZT & +M! (71)
x; i 4 So 2

Then the ratio of viscosity to the reference vis-
cosity becomes

n__ M, ﬁ
%—.Z Vi, ™ % (72)

Before equation (71) can be applied to the case
where ionization occurs, it must be observed that
the atom-electron collisions are not to be counted

in evaluating the atom mean free paths, nor are
the ior-electron collisions to be counted in evaluat-
ing the ion mean free paths. This is because the
mean {ree path which occurs in the derivation of
viscosity is the mean distance between those
collisicns which cause a relatively large change in
momentum of the particle being considered, either
in direction or in magnitude. Normally all colli-
sions ‘ualify in this sense, but when a heavy
particla like an atom or an ion collides with an
extrem:ely light particle like an electron, there is
practically no change in the momentum of the
heavy particle, and this momentum is carried
intact to the first collision with another heavy
particle.

The coefficients of viscosity for high-temperature
air have been calculated from equations (68),
71), and (72) and the results are presented in
table VI(a) and in figure 8.

THERMAL CONDUCTIVITY

A theory for the thermal conductivity of a
chemically reacting gas was perhaps first outlined
by Nernst (ref. 27). The form in which this
theory has been developed by Hirschfelder (ref.
17) will be used here to calculate the conductivity
of high-temperature air. In this theory the
energy transfer through the gas is treated in two
independent parts. The first part is the energy
transferred by molecular collisions, and this mode
of energy transfer is the one responsible for the
ordinary thermal conductivity of nonreacting
gases. The second part is the energy transferred
by diffusion of the molecular species and the re-
actions which occur as the gas tends to maintain
itself in chemical equilibrium at each point. We
shall Arst turn attention to the calculation of
energy transferred by molecular collisions. If one
invokcs EKucken’s assumption (ref. 28), that the
internal energy is distributed among the gas
partic es independently of their velocity distribu-
tion, then the simple linearized expression for the
coefficient of thermal conductivity in & mixed gas
becomes

_5r WE
ke o g (50HCa) (@)

where C, is the specific heat per mol due to trans-
lational energy and Cy,, the specific heat due to
the internal energy. It is noted that

C¢= (Ct+cinl)( (74)
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and

0,=g R (75)

whence equation (73) becomes

kn=% ‘Z P1UsA; (%‘{‘g ;—;i (76)

It will be convenient to define a reference co-
efficient of thermal conductivity just as was done
for the viscosity, that is, the value air would have
if it did not vibrate, dissociate, or ionize. This
coefficient will be

19 B
kO_Z AL (77)
or in cgs units
L. joule
ho=1.364 70 =" (78)

where 5o is in gm/cm-sec. (eq. (68))
The ratio of the thermal conductivity coefficient
to the reference coefficient becomes

kn_ M, ﬁ)MO 4/0\ 9
o2 (v M, 5 N) [ﬁ; (R>,+I§] (79)
1.8

The first factors in each term are just the terms
already calculated for the viscosity. It may be
noted that the same collisions are to be neglected
in this case as for viscosity. This is because these
electron-atom and electron-ion collisions have only
a small effect on the magnitude and direction for
the energy flux vector of the heavy particles.
Actually, all of the electron collisions could have
been neglected for the purpose of computing
viscosity, for the eclectrons carry a negligible
fraction of the total momentum transferred, due
to their small mass. However, because of its high
velocity, an electron transports a large share of
the kinetic energy, in fact much more than a
heavier gas particle. Therefore the heat con-
duction terms for the electrons are needed in
equation (79).

The second mode of energy transfer, which
takes place whenever the gas undergoes & chemical
reaction, is due to the diffusion of the chemical
species. These particles then react with one
another, giving off or absorbing the heat of reac-
tion and causing heat transfer which may be
considerably larger than the ordinary heat transfer
due to molecular collisions. Hirschfelder (ref. 17)
has formulated this problem, but in terms of the

n
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Ficure 8.—Ratio of the coefficient of viscosity for air to the reference coefficient, 5o, as a function of temperature.
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multicomponent diffusion coeflicients which are
difficult to estunate. However, Butler and Brokaw
(ref. 29) have shown how Hirschfelder’s results can
be modified to make use of the binary diffusion
coeflicients instead, and their solutions are in
convenient form  for computational purposes.
Moreover, Butler and Brokaw show that Hirsch-
felder’s method of predicting thermal conductivity
agrees well with the experimental results for a
number of gases which dissociate or react chem-
ically at ordinary temperatures. That part of the
coeflicient of thermal conductivity which 1s due
to the chemical reaction will be designated k,,
and according to the results of reference 29, this

may be cxpressed as
JAIn K
(1)

ZZ/I) (20—

l]

ko= (80)

(I',‘J'i )

where 1)y, 1s the binary diffusion coeflicient for
molecules of type 7 into molecules of type 7, and
the a, are the stoichiometrie coeflicients of com-
ponents .1, in the chemieal reaction written in the
form
22 a:1,=0 (81)
i
According to reference 1, the binary diffusion
coefficients are given by

1 3

18 /: MAM, N No o o
nD, 3\=

MFM,) (BT

(82)

Now the reference cocethelent of thermal condue-
tivity (eq. (77)) can be put in the form

95\ R [RT ‘
M= oS, VL, (83)
Substituting equation (82) in equation (80) and

dividing by equation (83), one obtains

IZVE("Q’,,@—J

/."!_ 95 AT

I(-o —M“—” 12 4 SU (’I ~‘ IOV
Z Z [\IO (M2 S, fi,. (Qury—ar;)

(84)

In order to simplify the computations somewhat,
the differences in mass between oxygen and nitro-
gen atoms will be neglected.  Then, since some of
the collision cross sections may also be given the

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

same value, the double summations in the denom-
inator of equation (84) take on the relatively
simple form as follows:

For the oxygen dissociation reaction

»_S’(‘\‘z [1(0) 42,00y P
IZ JZ_ V3 S, r(0)r(0y)
r(N,)
(85
}+V 21'(0'») >

for the nitrogen dissociation reaction

S"(N;—N) [[+(N)+2r(NyJ?
J(N)J‘(A\z)

S (N—N) 2x(0)
\Y>)}+ So r(N) (86)

and finally for the ionization reactions

22 =g,

1LS"(N—N)
I

71 S’ N~—e )
230 S

The total coefficient of thermal conductivity is
just tie sum, k,+k,. The values of this sum
were caleulated for air and the results are pre-
sented in table VI(b) and graphed in figure 9.
The coeflicient of thermal conductivity has about
the sime functional features with respect to
tempe ature and pressure that were observed for
the specific heat (fig. 5). The Prandtl numbers
were ¢ileulated from the relation

£(N) 4o (NP
+(Nyr(NT)

(87)

JIA 19 /v/lo

and they are listed in table VI{e) and are graphed
as fun -tions of temperature in figure 10.

As noted, nitrogen and oxygen have approxi-
mately equal collision cross sections, so that up
to the point where ionization begins, air can be
treated essentially as a two-component mixture
of atoms and molecules. Then it is possible to
characterize the system with a single diffusion
cocflic ent, and the differential equations of fluid
flow 1wy be analyzed while keeping the terms
describing heat transfer by chemical reaction
separate from the terms describing ordinary
thermal conduction. This method is followed,
for exsmple, by Fay and Riddell (ref. 30) in their
analysis for the heat transfer to the stagnation
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region of blunt bodies in high-speed flight. In
using such an analysis, it must be realized that
the thermodynamie and transport coeflicients are
defined somewhat differently than in the present
paper.  The coefficients which appear in reference
30 will be called the “partial coeflicients” and
they will be designated here with a superseript
prime. The partial specific heat, the partial
cocllicient. of thermal conductivity, the partial
Prandt]l number, and the partial Lewis number,
respectively, are related to the quantities defined
in this paper as follows:

Cr=330CF+ 1)
K=k,
Prr—2 > (89)
ME
Le’ ])ﬁ{-v‘,'
RV %

o

The partial Lewis number, Le¢, appears as a
coeflicient for the chemical reaction terms in

reference 30. The diffusion cocfficient D 1s the
ordinary binary diffusion coeflicient 12;; given by
equation (82), and from equation (83) a dimension-

less group 1s
] -1
] (90)

ZDelt_, 'a(m[‘sl(i\
]L'().“‘Ig U

The Lewis number is conveniently caleulated from

the expression

I e,»fZ])p[l’Zf@/[i)
T koM, Zk ko

(91)

Table VII lists the caleulated values for the
partial coeflicients ZC')/ /R, kylko, v, and Le.
The numbers P and Le” are also graphed as
functions of temperature in figure 11, The partial
coeflicients are not given for temperatures where
ionization occurs because the air is then at least
a three-component system (neutral atoms, lonized
atoms, and electrons) and the partial coefficients,
as dcfined, do not apply to this case. It can be
seen that 727 is a relatively constant quantity
with an average value about 0.72. The partial
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Froure 10.—Prandtl number for air as a function of temperature,
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Lewis number, on the other hand, decreases as
dissociation proceeds to completion. From the
result that the partial Prandtl number is approxi-
mately constant, it follows that the factor ¢,/ Mk’
decreases as 97!, The factor ])p/ﬂ—'[ increases at
about the same rate (see eq. (82) or (90)), and
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oy
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(a) Prandil number.
(b) Lewis number.

Ficrre 11.—Partial cocfficients for air as a function of
temperature.

the product of these two factors is relatively
constant; thus the partial Lewis number varies
approximately as M, that is, it decreases by a
factor of about 2, from about 1.4 to 0.6.

A list of conversion factors 1s given in table
VIII for convenience in converting the tabulated
and graphed parameters into dimensioned units,

DISCUSSION OF RESULTS

It is convenient to summarize the physical
processes which imfluence the transport properties
of air in a discussion of the variations in Prandtl
number with temperature. At low temperatures
the air is like o pure diatomie gas with a specifie
heat about 7/2/2. Trom cquation (88), the
Prandtl number for such a gas is 14/19 or 0.74.
As temperature increases, vibrational energy is
excited in the molecules so that ¢, approaches
91/2, while from cquation (76) the thermal con-
ductivity approaches (23/4) (fig,/M). For this
limit the Prandtl number becomes 1823 or 0.78.

At still higher temperatures the oxygen dis-
sociates and both €7, and & go through the pro-

nounced maxima shown in fieures 5 and 9. To a
22¢,
7R

n/ o

Lo+
p,:’_‘f(ZZCP)W/UQ
19 TR Tkikg
o]

Temperature, 7

SKETCH (b).

first approximation, k is about proportional to (7,
just as for a nonreacting gus. IHowever, the
maximum in & oceurs at slightly lower tempera-
tures than the maximum in specific heat as indi-
cated in sketeh (b). The viscosity coefficient is
not greatly influenced by the oxygen dissociation,
s0 from equation (88) it is apparent that the
Prandil number will follow an & shaped function
as shown in sketch (b).  This shape fer the fune-
tion can be seen in the curves of figure 10.

At the temperature where oxygen dissociation
is essentially cemplete and nitrogen dissociation
has not yet begun, the Prandtl number can be
caleulated for a two-component mixture from the
known conditions that the mel fractions are
@;==2/3 and #2=1/3 and that the molecular weights
are related by M, =23, (where subscript 1 refers
to nitrogen molecules and subseript 2 to oxygen
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atoms). If the collision cross sections are all
assumed equal, the mean free paths are related by

:~=J;+—‘9 (92)
1 24473
Then the Prandtl number becomes
|' \ 9 a,
- 3 11 )\1 ~ 9
k) ( 5 J[) 15\@ A =072
\1l 8 A
(93)

which checks closely with the values for Prandtl
number shown in figure 10 2t the transitions from
oxvgen to nitrogen dissocintion. (Z=1.2, fig. 1).

As nitrogen dissociation proceeds, the Prandtl
number again follows an S shaped function of
temperature for the same reasons which were
outlinedd for oxyegen dissociation (sketeh (b))
The fully dissociated air is like a pure monatomic
gas with (7, about 5322 and & equal (15/4) (Ra/M),
so that the Prandtl number approaches 2/3. The
Prandil numbers of figure 10 go through this value
of 23 at a temperature where the dissociation s
essentinlly complete but the ionization is still
negligible (Z=2, fig. 1}.

Up to this point, the Prandtl numbers lie within
the range from 0.6 to 1.0 in agreement with the
conclusions of reference 31, However, when
ionization begins, the Prandtl number may drop
to somewhat lower values. For very small degrees
of ionization it can be shown that the ratio of
electron to atom mean free path is about 42 and
that the coeflicient of viseosity is influenced very
little by the presence of the electrons, However,
the thermal conductivity is greatly increased
by the cleetrons because of their high thermal
velocity, and the effect is illustrated figure 9
by the abrupt change in slope for £ where the
ionization reaction first begins,  If the fraction
of ionization, e, is so small that chemical reaction
terms may he neglected

oy 15 »11)_ /IZA‘[I)
IL—— —4 A‘[l T](l%é—\/”“T (94)

where A 18 the atom mass and M, the electron
mass. 1t can be seen that & inereases rapidly with
the onset of ionization beeause the factor (211
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M) 58 large, about 230, Accordingly the Prandtl
numb or is found to vary as

(Yp 7o ~
(T[) \In) (-M )[]4) \h[l( bhe

T3 2:30¢)

(95)

A very small value of e is sufficient to reduce the
Prandtl number considerably below 2/3, the value
for a pure menatomic gas. As the ionization
praceeds, however, the chiemical reaction terms
which were omitted in equations (94) and (95)
becon e predominant such  that (7, becomes
approximately proportional to k again, and the
Prandtl number levels out at about 0.3 as shown in
figure 10. At this point another factor gradually
predominates, namely the decrease in coefficient
of viseosily which occurs as the mean free paths
beeone very short as a result of the long range
coulorb forees acting on the charged gas particles.
Counsiler, fer example, the completely ionized gas
The 110l faction of ions (subscript 1) equals the
mol fraction of eleetrons (subseript 2) and the

collision eross scctions are about equal.  Then
the ratio of mean free paths is
-
A A2
N0 (96)
1 1 Y 2

the electron eollisions do not
The ratio

where as before,
count toward the ion mean free paths.
kin is approximately given by

(97)

and with (/A about 51/}, the Prandtl number
becon es very small

2

2

e §1+\§ f‘['-;_ 08
TS \/Ml_()‘ou (98)

=y

as shewn in figure 106, With the assumption that
the Prandtl number retains its usual significance,
boundary-layver regions highly 1omized flows,
which are in complete thermal equilibrium, should
be nu ch better heat conduetors than in the flow
of neutral gas particles.  This result is of theo-
retical interest even though fully ionized air flow
will Tot be obtained at flight velocities below
eseape speed (fig. 7).
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The Prandtl number functions of figure 10 are
similar to those predicted by Kaeppeler and
Krause (ref. 32). Their calculations were based
on the low value for nitrogen dissociation energy
and so the present ecstimates exhibit more dis-
tinetly separate maxima. This is beeause of the
separation between the dissociation reactions
which occurs when the higher value for nitrogen
dissociation energy is used. Greifinger (vef. 33)
has also made some cstimates for the transport
properties of air at high temperatures. e assumes
constant collision eross sections in a manner such
that, up to the point where ionization begins, his
caleulated Prandtl number is a constant lacking
the structure shown in figure 10. IHowever,
reference 33 predicts an effeet due to ionization
which is the same order of magnitude as discussed
here.

The neglect of the nitric oxide formation has
only a small effect on the caleulations of the
thermodynamic properties and the viscosity of air.
The thermal conductivity should be increased
where the NO reaction occurs (see eq. (80)), but
the heat of reaction is relatively small so that the
correction involved is not large except at high
densities. In addition, NO is ionized rather
easily compared to N, and O, molecules and prac-
tically all of the electrons which appear in air at
intermediate temperatures come from the NO
lonization reaction. However, Gilmore finds that
the mol fraction of such electrons is small, the
order of 0.01 percent or less (ref. 9), and from
equation (94) it can be judged that this amount
is not yet sufficient to alter greatly the thermal
conductivity. This degree of ionization is large,
of course, in terms of its influence on electrical
conductivity,

The theoretical transport coefficients can be
used to estimate the heat flux to the stagnation
region of a blunt body in high-cnergy air flow
(see ref. 34). It is found that these predictions
deviate less than 10 percent from the mean of the
experimental results obtained by Rose and Riddell
(ref. 35). This is a favorable result insofar as it
fulfills a necessary condition for reliability of the
calculated transport coefficients. Tt does not pro-
vide a sufficient check, since stagnation region
heating is quite insensitive to real gas cffects (ref.
34). However, some experimental determina-
tions of the coefficient of thermal conductivity

integrated over temperature have been made up
to 5000° K, through the range of oxygen dissocia-
tion. It is found (ref. 36) that the experiment
and theory are in agreement within the accuracy
expected of the elementary theoretical approach
(the order of 30-percent uncertainty).

CONCLUDING REMARKS

In conclusion, the thermodynamic properties
(including compressibility, energy, entropy, spe-
cific heat, and the speed of sound) and the trans-
port properties (the coefficients of viscosity and
thermal conductivity and the Prandtl number)
have been estimated for air at high temperatures.
These estimates were made from approximations
in closed form, and it is found that these approxi-
mations give fairly accurately the thermodynamic
properties over the range of pressures and temper
atures for flight through the atmosphere. The
transport properties were calculated by methods
which have given reasonably good results for gases
at ordinary temperatures and for gases which
dissociate and react chemically.  Moreover, the
predicted coeflicient of thermal conductivity inte-
grated over temperature agrees reasonably well
with the experimentally determined values up
throngh conditions of oxygen dissociation. Tt is
concluded then that the results presented in this
paper are useful enginecring approximations for
the properties of high-temperature air. In par-
ticular, it is an advantage that the solutions appear
in closed form beecause the functional relationships
can be visualized. In addition the air properties
can conveniently be computed in very small
intervals to give tables that can be used in obtain-
ing solutions to real air flow by the method of
characteristics, or for numerical solutions of
boundary-layer flow. It is expected that the cal-
culated coefficients of viscosity and thermal con-
duetivity will prove to be lower bounds to more
precise caleulations or measurements.  The pre-
diction  that the Prandtl number for highly
ionized flow in complete equilibrium will be small
compared to unity implies that boundary-layer
regions in such a gas will be very transparent to
heat flux.

AmEs ResEarcH CENTER
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
Morrrrr Fiswo, Cavuv,, Nov. 18, 1957
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TABLE IL—PARTITION FUNCTION CONSTANTS FOR THE MAJOR COMPONENTS OF AIR

j |
‘ Rotational - Vibrational | Dissoci- ‘ Klectronic | Tonization
Molecular | constant, constant, ation Electronic energy, energy,
Particle weight, _ah? ’l”_, energy, |degeneracy, L, z
M, K2l k ELN g k
gmj/mol °K °K k °K
‘K
Nz 28 5.78 3390 113, 200 1 0
Oz 32 4.16 ! 2270 59, 000 3 0
2 11, 360
1 15, 990
o] 16 & 0 158, 000
3 228
1 326
8 22, B
L 4N, 600
N 14 4 0 168, 800
10 27,700
6 41, 500
O+ 16 4 0
10 38, 600
[y 58, 200
N+ 14 1 0
3 70.6
h IRS, 4
5 22, 000
’ k 1 47, 000
5 67, Y00
‘ - 1 ‘ 2 0
| 1820

TABLE IL-—~THERMODYNAMIC PROPERTIES FOR THE MAJOR COMPONENTS OF AIR

(a) Logarithm of the partition function for a (b) Dimensionless enthalpy, 11—t (¢) Dimensionless specific heat, 1 a1
stanvlard state of one atmosphere, In O, RT RAT
T,°K Tarticle Particle Particle
e N O: | N O [N+, Ot ¢~ N2 [¢2] N O e

500 1.30 3.51 3. 55 2,50 2.6 3.85 3.72 2,50 2,04 2. 5s 2,500
1000 3.03 3. 62 3.7hH 2.50 2.6 3.41 4.16 2,5 2. 2,50
1500 4.04 3.78 3.93 2,50 2.5 4. 16 4. 35 2.5 2. 2.50
2000 4.76 3. 88 4. 05 2,50 2.5 4,24 4. 47 2. 2. 2,50
2500 A.32 3.497 4. 15 2,50 2, 4. 36 4. 59 2. 2. 2.50
3000 5.78 4. 04 4.23 2,50 2.4 4.40 4. 69 2, 5 2. 5. 2.50
3500 6. 16 4,09 4. 30 2.51 2.7 4.43 4.77 2, 2.5 2.50
4000 6. 50 4.14 4.36 2.52 2! 4. 44 4,82 2.8 2.¢ 2.50
4500 6,79 4.17 4. 42 2,53 2 4. 45 4, 86 2. 2.5 2.50
H000 705 4.20 4. 44 2.56 p 4, 46 4. 88 2.6 2. 6 2. 50
5500 7020 4,22 4.50 2,59 2 4. 47 4. 84 2,67 2,0/ 2.50
6000 7.51 4.24 4. 53 2,62 2. 4. 47 4,89 2.6 2.6 250
6500 7.71 4. 26 4. 56 2,66 2. ; 4,48 4. 89 2,7 2.7y 2.50
7000 T80 4.28 4. 58 2.70 2, 2.7 4. 48 4. 88 2.7 2,75 2,50
7500 807 4.29 4. 60 2.75 2.6 2.5 2,50 4.48 4. 86 2 2.7y 2.50
8000 8,23 4. 30 4,62 2.79 2.6 2.4 2.50 4. 49 4. 85 2 2.8 2.50
8500 Xo3% 4,41 4. 63 283 2.6 2.8 2.5} 4. 49 483 2 2.8 2.50
9000 852 4,32 4. tid 287 2. 13 2,8 2,50 4. 49 1. 82 2.7 2 2, 5y
9500 8. 66 4.33 4. 65 2,41 2. 68 P 2,50 4. 49 4. 80 2.7 2.8 2,50
10000 BTy 4. 34 4. b 2.95 2.6 2.6 2,50 4. 49 4.7 2.7 2 2,50
10500 891 4,35 4. 68 2.9% 2.6 2.6 2. 50 4. 44 4. 77 2. 2, 2.50
11000 Y. 02 4.35 4.67 3.02 2.6 2.6 2. 50 4. 49 4.76 2.7 2,00 2. 51}
11500 4. 14 4. 36 4. 67 3.4 2.6 2. 2,50 4. 49 4. 74 2. 2.4 2.0
12000 9. 24 4,487 4. 67 3.07 2.6 2. 2,60 4.49 4,73 2.7 2.¢ 250
12500 4. 34 4.37 4, 6% 3.09 2.6 2.7 2,50 4. 49 4,72 2.7 2. 2. 50
13000 9. 44 4, 3% 4. 68 411 2.6 2.7 2 500 4. 44 4.71 2. 3. 2.50
13500 9. 54 4. 38 4. 68 3,18 2. 2 2000 4.49 4,70 2. 3. 2.50
14000 9. 63 4. 38 4.tk 3. 14 2, 6% 2, 2.50 4. 50 4. 6Y 2. 3. 2.50
14560 9.7 4. 39 4. 68 3. 15 2,68 2,76 2,50 4. 50 4. 6% 2.7 3. 2,50
15000 9. 80 4. 3¢ 4. 68 3. 16 2,68 207 2.50 1. 50 4. 467 2. 3. 2,50
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TABLE IIL—LOGARITHMS OF THE CHEMICAL EQUILIBRITUM CONSTANTS AND THEIR DERIVATIVES
FOR THE MAJOR REACTICGNS IN AIR

| - {in K
() In Ky alnfp
) T—5F
T, °K Reaction Reaction
07520 Npo2N I NNte |} 0220 NN | N-yN+4e-
0-501+e~ O->O0++e~

500 119.78 227.89 335. 86
1000 6H0. 43 114. 58 164,18
1500 40. 54 6,70 113. 62
2000 30. 55 57.72 85, 84
2500 24 54 46. 31 69. 17
3000 20 51 38.70 . 6
3500 17 63 33,28 5. 12
4000 15 46 20,20 44,16
1500 13 78 26, 05 349. 53
OO 12 44 24. 65

H300 11.34 21.53
HOO0 10 43 149, 87

KO0 9 67 18,47

TO00 902 17.30

THN) 8 45 16,29

000 787 15,43

SN 7 64 14.67

HUK) 716 14.00
9500 6 82 13,41
10008 6 52 12, 8%
10M%) 6 25 12. 40
11000 .00 1197
11500 677 11. 57
12000 &.07 11.21
12500 5,38 10. 87
13000 £.20 1. 55 5.4
13500 04 10. 26 14. 55
14X} 4. 89 9. 99 14.10
14500 3 475 | 9,73 13. 69
15000 12. 60 4 62 9.48 13.31
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TABLE IV.—THERMODYNAMIC PROPERTIES FOR ATIR—Concluded

S(Nz—N)=8(0;—0)= S(N;-0)
S(N-N)=8(0-0)=8(N—0) =S(N-N"H=5(0-0+)
S(N—¢)=85(0—¢)

SUN—N)=870;—0) =5 (N:.—0)
SIN=N)=8(0~0)=8(N—0)=8(N-N+)= S'(0—=0%)

N
(e) Ratio of specific heats, v () Dimensionless speed of sound parameter, (ipf
T,
°K Pressure, atruospheres Pressure, atmospheres
{
100 10 1.0 0.1 0.01 0.001 0.0001 100 10 [ 1.0 0.1 0.01 0.001 0.0001
500 1 1.¢ 1. 1. 387 1. 387 1. 387 1.¢ 387 1. 387 1. 887 1. 1.
1000 1. 33 1. 84 1.: 1.337 1.337 1.337 1. 3: 337 1.337 1.337 1. 3: 1.4
1500 1. 1.3 1.: 1,312 1.310 1. 306 1.3 312 1.312 1.312 1.2 1.:
2000 1.4 1. 1.: 1. 260 1,209 1. 153 1.: 296 1,285 1.259 1. 1. 14
26500 1. 1.< 1. 1. 161 1.152 1.157 1.z 247 1.196 1144 1. 1.
3000 1.: 1.2 11§ 1. 1, 1. 304 1.: 181 1,147 1.150 1. L.:
3500 1.: 1. 1.: 1. 1.: 1 1.2 166 1. 187 1.265 1.2 1.
4000 1. 23 1.z 1.2 1. 1.1 1 1.: 204 1.254 1.208 1. 1 1. 0%
4500 1.: 1. 1. 1. 1.1 1 1.1 241 1. 196 1.133 1. 1. 0
5000 1. 1.2 1. 1. 1. 1 1. 202 1. 143 I.111 1. 1.1
550 1. 1. 2¢ 1. 1.: 1. 1 1.: 161 1124 1.113 1. 1.:
GO00 1.2 1.: 1. 1% 1. 1.2 1 1,2 141 1124 1. 135 1. 1.:
6500 1, 24 1. 1,2 1. 1.2 1 1.: 137 1.136 1. 193 1 1.
7000 1.2 1. 1.2 1.2 1.2 1 1.1¢ 142 1,167 1. 249 1.2 I
7500 1.2 1. 1.: 1. 2: 1. 1 1 1536 1. 216 1,231 1. 1. L
8000 1,23 1.2 1 l.: l. 1.2 1. 181 1.242 1. 193 1. 1. 12
8500 1.2 1.2 1 118 1. 1. 242 1. 214 1,228 1. 168 1. 1. 1:
$000 1. 1.2 I.: 1. 1 1 1. 2387 1. 203 1 L. 1.1
Y 1.z 1. 25 1.2 1 1 1 1. 237 1. L85 1 1,17 LI
10000 1. 1,2 1.2 1 1.2 1 1. 225 1.176 1 L1 1.
10500 1. 1. 1. 1. 1.% 1 1. 212 1.173 1 1. 1.:
11000 1, 1. 1. I.x 1,28 1 1 202 1,175 1 1. 1 3¢
11500 1. 1.2 1.2 1.: 1.1 1 1 198 1. 180 1 1.2 1. 42
12000 1. 1.2 1.2 1. 1.c 1 1. 197 1. 187 1 1. 1
12500 1. 1.z 1.2 1. 1.3 1 1. 198 1. 194 1 1 1.5
13000 1. 1. 1.2 1. 1. 1 1. 202 1,202 1 1. 1. 5
13500 1. 1,2 1.: 1. 1. 1 1. 208 1.210 1 1. 1.5
14000 1. 1. 1.7 1. 1. 1 1. 214 1,221 1 1. 1.
14500 1. 1. 1. 3: 1. 1. 1 1. 221 1.235 1 L7 1.
15000 1. 286 1. 1. r 1. 1. 1 1.: 228 1,254 1 L2 1.
TABLE V.—COLLISION (ROSS SECTIONS
T, °K So, in S(N2:=N) | $(N—N) S(N~¢) Sie—e) S(N—=N) | &/ (N=X) W
10-1 ¢m? So So So Soin A So Sp
500 8.4 0. 446 0. 804 0. 761
1,000 34.9 42 . 838 . 703
1, 500 33.7 . B89 . 785 . 652
2,000 383.2 . 886 . T42 . 611
2, 500 32.8 . 846 LT05 . 578
3, 000 32.6 676 . bt
3, 500 32. 4 650 . 627
4, 000 42.3 628 . 507
4, 500 32,2 )8 . 489
5,000 32.1 591 . 473
5, 600 32.0 .75 0. 397 RO. 9 . 458
63, (000 32.0 . ol . 380 75,8 . 445
6, 500 31.9 . 548 . 366 64.5 . 433
7, 000 314 . H36 . 363 a5 7 . 422
7,500 319 . 524 . 342 48. 6 L 412
8, 000 3.8 . 514 . 331 42,8 . 402
8, 500 3L 8 .04 . 321 374 . 393
9, 00 LK . 495 . 313 33.8 . 385
9, 500 3L 8 . 486 . 304 3. 4 L8377
10, 000 3L 8 478 L 297 27.4 . 370
16, 500 317 470 . 290 24.9 363
11, 000 31.7 463 . 283 22.7 356
11, 500 3.7 . 456 . 281 2008 350
12, 000 4.7 445 . 270 19. 0% L8342
12, 500 3L7 443 . 266 17. 60 338
13, 000 3.7 437 L2061 16, 27 . 332
13, 500 31.7 - 431 . 256 15. 10 L3827
14, 000 317 . 426 . 252 14. 04 L322
14, 500 316 420 . 247 13.09 L 316
15, 000 316 415 L 243 12,24 312
b
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TABLI IV.—~THERMODYNAMIC PROPERTIES FOR AIR

(a) Compressibility, Z th) Dimensionless enthalpy, %
T, °K
Presstre, atmospheres Pressure, atmospheres
| 100 10 1.0 [ 0.01 ‘ 0. 001 ‘ . 0001 100 .ot 0. 001 0. 0001
HK) 1. 000 1. 000 1. 1. 3,52 3.52
1000 1. 00 1. 000 1. 1. 3.65 365
1500 1. 000 1. 000 1. 1. 3. 5% 3. 80
2000 1. 001 1,002 1. 1. 4.07 4. 41
2500 1.011 1.033 1. 1. 6. 16 K. 02
3000 1. 072 1.149 1. (.2 802 K19
3500 1. 167 1.197 1. 1. 7T 808
F00 1. 198 1,208 1.2 1.: K049 .82
4500 1.213 1. 245 1.3 1. HF b, &0
A0 1.252 1. 3549 1.4 1.4 i
500 1.348 1. 509 1. 1. ]
HO00 1. 629 1. 848 1. 2.
(700 1.752 1. 961 2. 2. ;
TO00 1. 904 1,997 2 2.
TH 1.971 2,017 2. 2.%
KOO0 2,001 2,044 2, 1 2,
R 2.028 2,090 2. % 2.
JULLY 2. 0560 2. 164 2. 3.
Y500 2. 090 2. 2806 2.8: 3.
10000 2. 462 3. 3. R4
10600 2.700 3. 3.932
1100h ! 2.983 3. 3. 96
115600 2. 505 3. 3. 3.98
12000 2. 694 3.8 3. 3. 9:
12500 2.910 3.700 3. 3. 996
13000 3! 4. 3.998
13500 3. 0% 3. 94
14000 3 3.999
14500 3 4. 000 14. 40 40.01
15000 3,997 4. 000 14. 49 39. 24
R J . . s Z(y
(e) Dimens: (1) Dimensic uless specific beat at constant pressure, =
T T T N - - ’4*""""V"”"'~ I
S 23,4 257 3489 3.50 3.50 3.5 3.5
HELY 26,4 2R3 37, 3,98 3. 96 3.9 3. 46
1500 2.8 2004 . 8 4 4,20 4.21 4.29
2000 28,9 3.2 . 4,07 510 11,57
2HLk) : 20.9 32.2 . 7.63 13.58 20, 03
SIRHY 4 30.% 33.5 Lt 16, 64 17. 66 5.
S5 3 32,0 35.5 H.6 3 12.31 6. 51
RILUY .2 33. ¢ 37.3 b Y i 5. 91
4500 313 .3 L5 .0
HOO0 32,4 9,2 . () iR, 0
HK) 834 .4 .8 3
HUEn) 342 2.2 7.1 2.2
B 319 449 1 3.4
To00 308 X, H0. 1 5.4
THON 3.8 B 9.0
RLEY) N0 3 2.8 5. 0
5500 .4 h h. 4 .1
YOO 1 < .6 .3
G50 A . K. 1) 2.2
HLLEY) . b, 2 b, 6
10N LN 2.7 N8
11000} i | 3.4 7.1 0.9
11300 S0 Y 0. 6 .7
12000 X8 SRR 1 .3
12500 0.4 H .1 VR
13000 50.0 .4 2.8 3
18000 50,5 .3 3.3 7
140K 5Lt .4 3.8 23.1
14500 5T L5 L2 123. 5
15000 62,2 .8 N 123.9
i
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TABLE VL—TRANSPORT PROPERTIES OF AIR

(1) Coeflicient of viscosity

Ratio n/ng

Reference coefficient,
7, in 1o

T,°K Pressure, atmospheres
100 10 1.0 0.1 0.01 0.001 0.0001 1b sec _Km
t * Cm see
S0 1. 000 1. 1. 000 1. 000 1. 000
pLEL] 1. 000 1. 1. 060 1.000 1. 000
1500 1. 000 1. 1.000 1. 000 1. o0
2000 1,000 1. 1. 000 1. 000 1. 000
2500 1. 000 1. 1. 000 1. 000 1. o0y
3000 1. 000 1. 1. 000 1. 000 1, 000
3500 1. 000 1. 1. 010 1. 010 1011
4000 1.003 1. 1. 022 1024 1. 042
4500 1.0YW 1. 02 1. 03% 1. 065 1, 046
5000 1.022 1o 107 1. 128 1
B3N 1. 036 1,05 1. 146 1,204 1.
HO0O 1. 050 1. 1. 228 1. 1.
6500 1.072 1O 1. 276 1. 1.2
7000 1. 084 1. 1.317 1.& 1.4
7500 1.112 1 1.337 1.4 1.
8000 1. 143 1.2 1. 347 1.: 1.
Ra00 1. 185 1.: 1. 343 1.z .
QOUG 1,238 1. 1.314 1.
Y500 1,208 1. 1.251 .
10000 1. 361 1. 1. 143
10500 1.418 1. 44 ion
11000 1467 1.7
11500 1. 1.5
12000 1. 1.¢
12500 1. 1, 1620
13000 1. 1. 1652
13500 1. 5¢ 1.4 1684
14000 1. ht 1. 1716
14500 1.6 1.4 1747
15000 1.6 1. 387 828 212 i 1757
!
(b) Coeflicient of thermul conductivity
Ratio k/l:a
,,,,, . Reference coeflicient,
kg, in 1072
T, °K Pressure, atmospheres
100 10 1.0 0.1 0.0l 0.001 ooopt | B
ft see °R
500 1.021 1021 1. 021 1.021 1.02t 1. 021 1.021 5. 84 an4
1000 L. 100 1100 1.100 1100 1. 100 1. 100 1. 100 9. 10 S67
1500 1. 150 1. 150 1. 150 L 150 1. 150 1. 150 1. 15 11. 53 714
2000 1.177 1.177 1177 1. 251 1. 460 2.09 3,00 13. 55 844
2500 1. 256 1.317 1619 2,50 4.63 7.67 5. 50 15.31 Yh4
3000 1.421 1,928 320 A. 48 5.02 2. 149 1. 465 [ 1063
3500 1.941 315 4.72 3.496 1.719 2. 11 3.71 .35 1143
4000 2.69 3. 2499 1. 600 2.91 6. 04 1503 . 6 1227
4500 3.22 3.06 1. 714 3.32 7.34 17. 65 30.5 . 1305
5000 3.07 1997 3.29 718 16.63 25. 8 11. 84 8 1379
S50 2.46 2.01 5. 49 13.71 22.2 11. 40 3.54 3 1444
6000 1. 930 4. 53 10. 19 18. 74 13.09 306 6. 14 .3 1516
6500 3.35 3. ¢ 14. 50 15. 39 5.49 5.42 12.99 5. 4 1580
7000 4. 69 15. i 832 3. 28 10. 95 26.9 {1 1642
7500 6.31 12,24 5.02 8. 62 19. 97 5L Y .3 1701
8000 821 7. 80 3. 42 13. 99 34.7 4.8 .2 1759
8500 9. 86 510 9.72 22.1 56. 3 107.6 4.1 1814
YO0D 10. 90 3.26 14,03 3.1 78.8 93. 8 .0 1868
9500 10. 88 i 2.3 49.1 92.6 5.9 . 8 1921
10000 9. 87 28.2 64. 8 84.8 25. 6 .6 io72
10600 8.33 37.6 6.6 59.9 11.45 4 2020
11000 6. 84 48.3 8.6 35.2 5. 81 2 2070
11500 5. 59 a8, 2 68, 6 19. 04 3.40 0 2120
12000 4. 79 65, 4 al. 6 10. 75 2.29 7 2160
12500 3.34 67,3 348 6. 09 1. 807 . h 2210
13000 5.7 63 4 22,5 4. 08 1. 622 2 2260
13500 9. 95 5.5 14. 28 3. 18 1. 461 9 2300
14000 11. 44 43.5 9.58 2.76 1. 586 ) 2340
14500 13.73 30. 4 6. 25 2.43 1. 670 2380
15000 14.95 243 3.04 2,33 1. 754 2420
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TABLE VI—TRANSPORT PROPERTIES OF AIR—Concluded

500
100
1500
2000
200
3000
3500
ELLY
450
S000
S0
600
GAO
TOH
THIN
SR
KA
N0
2500

10000
10500
11000
11500
120001
12500
13000
13500
14000
14500
15000

| —

et Bt e et Bt ot e it B Rt S

D G e g g g e g e i e £ 0

1re, atmospheres

Pressure, atmospheres

(¢) Prandt]l number
Pressure, atmospheres
T, °K . S
i !
100 ’ 10 ‘ 1.0 0.1 0.0t 0.001 4 0.0001
i [

500 ‘ 0.738 0.733
1000 L7566 756
1500 L7067 LTHT
2000 e .614
2500 L7H) L77L
3000 . R0 LT14
3500 L4631 L 606
4000 L6562 . 58T
4500 L7438 ; L T6d
SO00 L7687 b 093
5500 L6520 L871
6000 L5092 : . 455
6500 . 592 i .392
7000 . 620 | . 461
7500 L GNs ! 342
S000 Nyl : L322
8500 L&91 L2790
YOOB . 961 L200
9500 . 966 . 114

10000 LH72 L0576
10500 . 632 L0414
11400 . 463 ' L0243
11500 . 434 L0167
12000 L 412 i L0143
12500 . 3u6 i L0129
13000 L 353 . 0121
13500 L3609 0N
1400 . 360 RU
14500 L3849 L0104
15000 ‘ .341 . 0110
TABLE VIL—PARTIAL COEFFICIENTS
a) Speeifie heat, s
’ (h) Thermal conductivity ratio, 7 "
z P" —z2on (S 1) ko

L0 0.1 0.01 0.001 0.0001 100 10 1.0 0.1 0.01L 0.001 0.0001
3.7 3,59 3.59 3. 59 021 1.021 1. 1.021 1.021 1.021
3. 3. 3.96 3. 96 1. 100 1. 100 1. 1. 100 1100 1. 106
1, 4.5 4.20 4.20 1150 1.150 1. 1. 150 1. 150 1. 150
4. 35 4. 3+ 4.33 4.34 L1177 1177 1. 1.177 1.178 1. 1K1
4. 4 4. 45 4.47 L. 195 1. 146 1. 1206 1,225 1.252
4. 4. 4.52 4. 53 1. 205 1215 1.2 1.268 1.285 128y
4. 5 4.5 4. 55 4. 56 1.218 L. 259 1.2 1. 310 1.314 1. 320
4. 4. RS 4, 60 465 I 238 1.312 1.: 1.340 1. 356 1. 406
4. 4. 4.7 4,47 1. 269 1. 346 1. 1. 396 1. 482 1674
4.ty 4. G312 5. 46 1. 311 1. 384 1. 4. 1. 541 1.777 1. 9%3
4. 4. N7 5. 62 576 1.351 1. 448 1. 1.820 2,08 2.14
4.8 A. 5. 94 6. 1. 383 1. 516 1. 8. 2,14 2.25 2.50
5. 5. 6. 21 6. L. 459 1.767 2 2.33 2. 69 2.67
i b 6. 44 6, 1,519 2.05 2 2.47 2. 86 2.79
4. 6, 68 6. 1. 606 2.3 2 314 3. 2.8
4, 6.497 7 1.733 ) 2. 6 3.33 3. 2.95
. 7.34 8 1. 808 7 3. b 3.47 3.2 2.24
6. 7.85 9.3 2.10 3 RE 3. 56 2. 1.771
t. 8.54 10. 2.32 4. 0: 362 2. 6 1.307
7. 9.29 10. 254 4,21 3. 54 2.2 1105
7. 9. 95 10. 2.71 4.34 3,38 1. 1. 061
7 10. 41 10. 2. 86 4. 41 3,10 1.6 1. 042
7. 10. 67 10. 2.97 4. 45 2.84 1. 1.152
7 10. 82 10. 3.06 4. 39 2,64 1.5 1.223
n H). W) 10, 4 317 4. 28 244 1. 1.30m
7. 10. 96 10.¢ 3.37 413 2,42 1.7 1. 381
V.u 10. Y9 1L 3.51 4.47 2,43 1.8 1. 441

HE N 11. 00 11 3. 55 3. 90 2. 49 1. 84 1. 386

8 11.01 11. 3. 56 3.7 256 2. 1. 670

‘ 8. 1102 1L 3. 59 2. 64 . 1% 1. 754




THERMODYNAMIC AND TRANSPORT PROPERTIES OF AIR

TABLE VII. -PARTIAT, COEFFICIENTS —Concluded

() Prandtl number, 2’

(d) Lewis number, Le’

T,°K R ] R — —
Pressure, atmospheres Pressure, atmospheres
— - _ ! D, _ o ‘
100 0.001 0. 0001 100 ’ 1.0 ‘ 0.1 ‘ 0.01 (. 001 0. (001
2,000 0.772 1.353 I.:
2, 500 775 763 1. 408 1. 1. 1.355 1.2
3. 000 Ykl L7349 1. 445 1. 4 1. 1.213 1.
3,500 776 . 734 1. 464 1. 1.4 1. 167 1.1
4,000 771 pall 1. 449 1. 4 1. 1. 144 K
4, 500 764 L TO8 1. 404 1. 1.1¢ 1.114 L
b, 000 . 753 . 682 1. 3827 1. 1. ¥¢ L 970
h, 500 744 . G86 L. 268 1. L h2
6, (100 740 Y7 1 LI 1. 62K
6, 500 728 1.1 1. . A88
7,000 L 720 1. .4 57
7. 500 L7l ‘ I
8, 000 698 ! A
8, 500 6891
9, 000 687
9, 500 67
10, (00 635
10, 500 704 ‘ ‘
11, 000 7 | !
11, 500 716 {
12, 000 719
12, 500 719
TABLE VIIT-—CONVERSION FACTORS
Multiply By To get In I
, 5 00686 1" (°K) calfrm
ZE or 1241 0.287 T (°K) Energy or enthalpy joulefrm
RT RT 006886 7' (°R) Btu/lh mass
1716 T (°R) It-1b/slug
zZ8 Z¢, -
"R XN (*u{/sm © l}»
’ 0,287 y il T joulefpm °K
P 70, 0.0685 Entropy or specific heat Bruflh mass °RR
P it 1716 ft-1h/slug ° R
R’ R
12yt
1.46210-8 T'12 (1+—T—)
! gm/fem-sec
(Tin °K) i
n/ny Cocflicient of viscosity
2.28X10-% Tz ( 1 sec/fL2
(Tin °R) ‘
112\ =1 J cal
4.76X10-8 T2 (1 - —— e
76X + T cm-sec ° K i
(7’in °K) ‘
2y | !
L4994 X 10-3 T2 (H-],'. ) ‘ vatt ’
T em °K \
(T'in °K) |
k ke :
——or — P " 22N -1 Btn
ko Fo 2.30X10-7 T2 (|+ ) ‘ Coeflicient of thermal conductivity ‘

T
(T'in °R)

1.856X 10~ T2 (|+3‘ )

(Tin °Rk)

ft-see °R

_ fi-dn
ft-sec °R
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